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This set up is from [3]. Let {pn(x)} be a complete orthonormal system in L2() and assume that
{rn(x)} is a discrete orthonormal system whose orthogonality relation is
∞∑
j=0
(xj )rn(xj )rm(xj )= m,n. (1)
Now assume that the system {rn(x)} is complete inL2(∑∞0 (xj )xj ), a being aDiracmeasure supported
at {a}. Deﬁne a sequence of functions {Fn(x)} by
Fn(x)=
∞∑
k=0
rk(xn)pk(x)un, (2)
where {un} is an arbitrary sequence of points on the unit circle. It is clear that Fn(x) ∈ L2() for all n.
The dual orthogonality relation of {rn(x)} is
∞∑
k=0
rk(xn)rk(xm)= m,n
(xn)
. (3)
Parseval’s formula gives∫
R
Fm(x)Fn(x) d(x)=
∞∑
k=0
rk(xn)rk(xm)= m,n
(xn)
, (4)
which is the orthogonality relation. To prove the completeness of {Fn(x)} assume
∫
R Fm(x)f (x) d(x)=
0, for allm for somef ∈ L2(). Letfk=
∫
R f (x)pk(x) d(x). Parseval’s formula implies
∑∞
k=0 fkrk(xm)=
0, for all m. The completeness of {rn} implies fk = 0 and the completeness of pn implies f = 0, a.e. in
L2().
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The above analysis is from our paper [3]. One example is to choose
pn(x)=
√
(1− qn+)(q; q)n
(1− q)(q2; q)n Cn(x; q
|q),
rn(x)=
√
1− qn+
(1− q) q
−n/2−n(n−1)/4 hn,(x; q), (5)
where {hn,(x; q)} are the q-Lommel polynomials we introduced in [2]. All the zeros of J (2) (z; q) are
real when >− 1. Let
0<j,1(q)< j,2(q)< . . . , (6)
be the positive zeros of J (2) (z; q) for >− 1. The polynomials {hn,(x; q)} are orthogonal with respect
to a discrete measure supported on {±1/j−1,k : k = 1, 2, . . .} and have the property [2]
hn,
(
1
j−1,k
; q
)
= qn+( n2 ) J
(2)
+n(j−1,k; q)
J
(2)
 (j−1,k; q)
. (7)
Thus,
Fk(x)=
∞∑
n=0
un q
n(2+n−1)/4 (1− qn+)
1− q
√
(q; q)n
(q2; q)n
J
(2)
n+(j−1,k)
J
(2)
 (j−1,k)
Cn(x; q|q). (8)
In the case  = 12 , un = in Fn(x) becomes the basis in the so-called q-Fourier series. This special case
has been the subject of [1,5] where lengthy proofs of the orthogonality and completeness are given and
collected later in [6].
There are two problem that arise in this area.
Problem 5a. Study the mapping properties of operators with Fn(x) as kernels. There is probably a set
up similar to reproducing kernel Hilbert spaces behind these kernels.
Problem5b. Find interesting examples of the systems {Fn(x)} byﬁnding pairs of orthogonal polynomials
{pn(x)} and {rn(x)}. A good source is [4]. Such examples should have some additional special properties
like addition theorems or other structural properties.
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